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1. Introduction 


The theory of curves is one of the most crucial research areas in classical differential geometry. For a very 
long time, and even now, special curves and their characterizations have been investigated. The use of special 
curves can be observed in nature, mechanical devices, computer-aided design, and other things. The 
Smarandache curve, one of the special curves, has a position vector made up of Frenet frame vectors on another 
regular curve. Ahmad first presented a few special Smarandache curves to the Euclidean space in [1]. 
Additionally, some researchers investigated Smarandache curves in the Lie group and Minkowski space [2,3], 
respectively. 

In two ways, Lie groups are made of algebra and geometry, two significant branches of mathematics: 
first, Lie groups are groups, and second, they are smooth manifolds. As a result, there must be some kind of 
coherence between the Lie groups’ geometric and algebraic structure. The current approach to geometry as a 
whole is based on the geometry of Lie groups. Additionally, numerous research findings on curves and surfaces 
in the 3-dimensional Lie group have been published in [4-8]. 

On the other hand, in differential geometry, surfaces can have a variety of remarkable effects and 
properties. Researchers later turned their focus to the construction surfaces along a special curve such as a 
geodesic, an asymptotic, or a line of curvature. Some recently research on these topics was done in [9-12]. The 
process in these papers is as follows: conditions for that curve to be a geodesic, asymptotic, and line of 
curvature have been given, and the parametric surface has been constructed as a linear combination of an 
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isoparametric curve and its Frenet frame. A new study on construction surfaces with constant curvatures along 
a given curve was recently proposed by Bayram et al. [13,14]. 

We organized our paper as follows: we give some basic information regarding the Smarandache curve 
and surface theory in the 3-dimensional Lie group in Section 2. We build surfaces along the Smarandache 
curves of the specified curve in Section 3, and then we derive sufficient conditions for each case where the 
surfaces have constant mean curvature along the TN, NB, and TB Smarandache curves. This study was derived 
from the second author’s master’s thesis under the supervision of the first author. 


2. Preliminaries 


The Frenet formulas for a unit speed curve a(s) in the Lie group are expressed as follows: 


T'(s) 0 Ky 0 T(s) 
N'(s)| = |-iy 0 (Kz — K2)} | N(s) (1) 
BY(s) 0 —(kz — K2) 0 B(s) 


where kK, and kz are the curvature functions of a(s) and kz = =(r, N], B) which was introduced [4-7], is the 
Lie group torsion of a(s). Here, T = a'(s), k,(s) = ||D;T|| = ||T'l], «2 = ||D7Bl| — Kg, and D-X = X' + 
sf, x]. 


Definition 2.1. [5] h = a is denoted the harmonic curvature function of a(s). 
1. 


Theorem 2.2. [4,5] The curve is a general helix in Lie Group G if and only if its harmonic function is a constant 
function. 


Definition 2.3. [15] Let p = @(s,t) be a surface in the 3-dimesional Lie Group, then the mean curvature of 
the ruled surface @ in three-dimensional Lie group is given by 


En —2Fm+1G 
= —__—___— (2) 
EG -F 
where the surface normal N = axe E = (5, 9s), F = (Ps, Pt), G = (Pt, Pt), | = (Pss,N), M = (Pst, N), 
Ss t 


and n = (Prt, N). 


Definition 2.4. [3] Smarandache curves are defined as regular curves whose position vectors are composed of 
Frenet frame vectors. This leads us 


TN-Smarandache curve is defined as ary ()=5 (T(s) + N(s)), 
NB-Smarandache curve is defined as ayg ()=5 (N(s) + B(s)), 


TB-Smarandache curve is defined as arg ()=5 (T(s) + B(s)), 
and 


TNB-Smarandache curve is defined as arg (=z (T(s) + N(s) + B(s)). 


3. Surfaces with Constant Mean Curvature along Given Smarandache Curves 


One of the special curves is the Smarandache curve, whose position vector is composed of Frenet frame vectors 
on another regular curve. Ahmad first presented a few unique Smarandache curves to the Euclidean space in 
[1]. Then, Degirmen et al. presented a few unique Smarandache curves to the Lie group in [3]. In this section, 
we will characterize the surfaces whose mean curvatures are constant in the three-dimensional Lie Group. 
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Consider @(s) to be an arc-length parametrized curve on a surface P(s,t) in G. Then the curve a is called an 
isoparametric curve if it is a parameter curve, that is, there exists a parameter ty such that a(s) = P(s, to). 


Since a@(s) is an isoparametric curve on this surface, there exists a parameter t = ty € [0,7] such that a(s) = 
P(s, to) that leads us 


f(s,to) = g(s, to) = h(s, to) = 0 such that s € [0,L] and ty € [0,7] (3) 


Hence, if the TN, NB, and TB Smarandache curves are isoparametric curves on this surface, then there exists 
a parameter t=t)€[0,T] such that a@py(s) = P(s,to), ayg(s) = P(s,to), Arg(s) = P(s, to), 
respectively. 


P(s,t) is defined based on the Smarandache curves of the curve a(s) and using the Frenet frame of the curve 
in Lie group G, respectively, as follows 


P(s,t) = arpy(s) + f(s, t)T(s) + g(s,t)N(s) + h(s, t)B(s) (4) 
P(s,t) = ayp(s) + f(s, t)T(s) + g(s,t)N(s) + hs, t)B(s) (5) 
P(s,t) = arp(s) + f(s,t)T(s) + g(s, t)N(s) + h(s, t)B(s) (6) 


Using the Formulation (2) to calculate mean curvatures, one can easily get the mean curvature of the surface 

provided in Equation (4) as follows: 

_ Po Pi + P2 — P3Pa 
PsPe 


H (7) 


where 


1 2 2 
=—=(fitarth 
Po gt It ) 
=( (hy — fix (x — 12) + (rah + Fife) (-m? + — (fix,)°) - Genge + tafe) ey =e) 
P= 1%t 19t as <1 1 1%t wt 1 as “1 1 19t tt 1 1 as 1 


tal) 


p= (Ca — hry ge) fre + (ere + hier fc) 9ee — Cer ge + Ki fi)hee) (x aera 
p3=2 (Ce —hk19e) Fes — Gees) + (Krhe + hier fe) (fer + Ges — hehe.) — Cerge + af) (gehey + Ies)) 


1 1 Le 
= |—-—x,f, +—=k + —hiryhe) 
P4 ( V2 tht V2 19t V2 et 


a, BF 
hk 1 a 
ps =2 (x + ae Ge + Ot" + h,”) a 5 (aft +KyGt + icy hy) 


and 


Po=, (Kh, — hey ge)? + (rhe + her fy)? + Cer ge + Kafe)? 


The mean curvature of the surface provided in Equation (5) is given as follows: 


+ — 
y = 20h 92 — 9394 


8 
9596 8) 


where 
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qo = Ge + ge? + h,”) 
n= (( (hi, )(h; + 90) (-§ Si a n(n) + (1h, a5 hu f;) (-« iar © (huey) ~ (iue,)’) + (“Kage + hues fe) aa = (6) 
» Gos) 
q2 = ((- (hk, )(hy + 92) fee + ( Kh, + hk fr) Gee + (Ky g¢ + fic fe)lter) | 


2 2 = 5 s % 
q3 = (Ces) a 9:)) Gfts — 9tk1) + (yh, + hrs fe) (fers + Ots — h,hk,) + (—k1 gt + his fd (gchk, + hes)) 
q4 = (-Kif: = (hey) (ht + 91)) 


qs = (42 + (hx)’) Ge + Of + h,”) = (-Kift _ hk19¢ + hiyh,)’) 


46 = | (his) (oe + hy))? + (phe + hier ft)? + (—Ki ge + hier f:)? 


Then, the mean curvature of the surface provided in Equation (6) is given as follows: 


and 


To, — 1: 
7a aT” (9) 
T3 


where 


m= Ge + Gt" + h,”) 
1 1 . sg 1 = 
GS [wo (- at + Fgtalix,) - ft) (Frac, - 2 (ie) + 3 nefte = frler) (i = hx) 


at TL ~ 
2 Ge (1 — hxs)ge) (DCs — Gek1) — Fe) (Gehey + hes) 


and 


~ 2 - 2 
73 = (((: = hx) ) (fi? + 9? + h,”) = ((x, = he,)ge) (hy? = fe) 
Therefore, we can give the following main theorems for all the Smaradanche curves of the curve @(s): 


Theorem 3.1. Consider that the surface P(s,t) is determined by Equation (4). One of the following six 
conditions is satisfied if the mean curvature in Equation (7) along the isoparametric Smarandache curve TN of 
the curve a(s) is constant: 


af=g=h=f=fitls,to) = 0, 9r(s, to) = constant # 0, hy(s, tp) = constant + 0, h(s) = 
constant, and K,(s) = constant. 


bf =g=h=G. = 9r(s,to) = 0, f(s, to) = constant # 0, h;,(s,to) = constant # 0, h(s) — 
constant, and k,(s) = constant. 


of=g=h=h =hi(s,to) = 0, ft (s, to) = constant # 0, g,(s, to) = constant # 0, h(s) = 
constant, and K,(s) = constant. 


d) f=g=h=fp = 9 = fit = Gur(S, to) = 0, hy (s, to.) # 0, A(s) = constant, and x,(s) = constant. 


e) f=g=h=fr=ht = fre = Nee (S, tp) = 0, 9: (s, to) = constant # 0, h(s) = constant, and K,(s) = 
constant. 
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f)f=g=h=he = Gt = het = Ger(s, to) = 0, fe(s, to) # 0, A(s) = constant, and K,(s) = constant. 


Theorem 3.2. Consider that the surface P(s,t) is determined by Equation (5). One of the following six 
conditions is satisfied if the mean curvature in Equation (8) along the isoparametric Smarandache curve NB 
of the curve a(s) is constant: 


abf=g=h=f.=fiels,to) = 0, 9r(s, to) = constant # 0, hy(s, ty) = constant + 0, h(s) = 
constant, and K,(s) = constant. 


b f=g=h=G = Its, to) = 0, f(s, to) = constant # 0, h;(s, to) = constant # 0, h(s) = 
constant, and K,(s) = constant. 


of=g=h=h, = hls, to) = 0, f(s, to) = constant # 0, g+(s,to) = constant + 0, h(s) = 
constant, and k,(s) = constant. 


d) f=g=h=fp = 9 = fit = Gur (S, to) = 0, hy (s, to.) # 0, A(s) = constant, and x,(s) = constant. 
OfHgaeh=f=he= fe = hylS ty) = 0, o(s, ts) = 0, A(s) = constant,.and x,(s) = constant: 
f) f= g=h=g.=he = Get = huls, to) = 0, fils, to) # 0, A(s) = constant, and K,(s) = constant. 


Theorem 3.3. Consider that the surface P(s,t) is determined by Equation (6). One of the following six 
conditions is satisfied if the mean curvature in Equation (9) along the isoparametric Smarandache curve TB of 
the curve a(s) is constant: 


af=g=h=ft=firls,to) = 0, 9r(s, to) = constant # 0, h,(s, to) = constant # 0, h(s) = 
constant # 1, and k,(s) = constant. 


b f=g=h=G = atts, to) = 0, ft (s, to) = constant # 0, h,(s, to) = constant + 0, h(s) = 
constant, and K,(s) = constant. 


of=g=h=h=hi(s,to) = 0, fi (s, to) = constant # 0, g,(s, to) = constant # 0, h(s) = 
constant #1, and k,(s) = constant. 


Df=g=h=fp=G4: = fe =GitlS to) =0, hy(s, to) #0, h(s) =constant #1, and k,(s)= 
constant. 

e) f=g=h=fr =ht = fre = hee (s, to) = 0, gt (s, to) # 0, A(s) = constant, and k,(s) = constant. 
fyf=ga=h=g,=h.=he = Gitls,to) =0, fils, to) #0, h(s) =constant #1, and k,(s)= 


constant. 


0 <s < 2m. Then, the Frenet 


Example 3.4. Let a(s) be a parametrized by a(s) = (= coss, ssins, =), 


vectors in the three dimensional Lie Group are given as 


z) 
v2 5 V2 
N(s) = (—coss,-—sins,0) 


T(s) = (-3 —sins,—coss, 


and 


i 
B(s) = en eee 


where kK, = —=, Kp = 0, Kp = =, and A(s) = 1. 


se 
2’ = 


Then, we can give the following cases: 
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Case 1. We can select f(s, t) = 0, g(s,t) = t?, A(s,t) = s sint, and ty = 0 while taking into account the (d) 
condition of Theorem 3.1. Consequently, the surface P;(s, t) of the Lie group is provided by 


P,(s,t) = apy(s) + f(s, t)T(s) + g(s,t)N(s) + h(s, t)B(s) 


1 
P,(s,t) = a + N(s)) + f(s,t)T(s) + g(s,t)N(s) + h(s, t)B(s) 


and so 
P,(s,t) ( sins coss 3 i 1. ia coss_ sins 3 gi ; oo ee 1. ) 
s,t) = |—-———- —= - t’coss +—=ssint sins ,——— - —— — t’sins —ssin i> +—=ssin 
1 y) v2 V2 2 V2 V2 2 V2 
which is plotted in Fig. 1, where 0 < s < 2m and 0 < t < 1 with constant mean curvature H(s, to) = — . 


Fig. 1. The surface P,(s, t) with constant mean curvature along the TN Smarandache curve of the curve a(s) 


Case 2. We can select f(s, t) = eSt, g(s,t) = t?, h(s,t) = 0, and ty = 0 while taking into account the (f) 
condition of Theorem 3.2. Consequently, the surface P2(s, t) of the Lie group is provided by 


Pz(s,t) = ayp(s) + f(s, t)T(s) + g(s,t)N(s) + h(, t)B(s) 
P2(s,t) = = (N(s) + B(s)) + f(s, t)T(s) + g(s,t)N(s) + hs, t)B(s) 


and so 


1 1. 1. 7 1. 1 1 Big! 1 
P,(s,t) = (——=coss + 5sins ~ e%t sins ~t coss,——=sins — —coss + e*t —coss—t sins,>+—e't) 


v2 2 v2 v2 2 v2 2° v2 


Std — i 
which is plotted in Fig. 2, where 0 < s < 27 and 0 < t < 1 with constant mean curvature H(s, ty) = — z 


Fig. 2. The surface P,(s, t) with constant mean curvature along the NB Smarandache curve of the curve a(s) 


Case 3. We can select f(s, t) = st?, g(s,t) = ssint, h(s,t) = 0, and ty = 0 while taking into account the 
(e) condition of Theorem 3.3. Consequently, the surface P3(s,t) of the Lie group is provided by 
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P3(s,t) = arp(s) + f(s, t)T(s) + g(s,t)N(s) + h(s, t)B(s) 
P3(s,t) = Es) + B(s)) + f(s, t)T(s) + g(s,t)N(s) + hs, t)B(s) 
and so 


1 1 1 
P3(s,t) = (-st? sins — ssint coss,st® cos —ssintsins,1 +—=st?) 
: V2 V2 V2 


which is plotted in Fig. 3, where 0 < s < 2m and 0 < t < 1 with constant mean curvature H(s,t)) = 0. 


Fig. 3. The surface P3(s, t) with constant mean curvature along the TB Smarandache curve of the curve a(s) 
4. Conclusion 


In this study, we constructed surfaces along the given TN, NB, and TB Smarandache curves of the curve a(s), 
and in each case, calculated the mean curvature of the given surfaces. Thus, sufficient conditions were derived 
to obtain surfaces with constant mean curvature along the TN, NB, and TB Smarandache curves of the curve 
a(s), respectively. According to the given theorems, we constructed the surfaces P;(s, t), for 1 < i < 3 with 
constant mean curvature and illustrated them in Figs. 1-3 for the parameters 0 < s < 2m andO <t <1 by 
using Mathematica, respectively. In addition to the results shown in the manuscript, the work has also brought 
up a number of open questions for future studies, such as how to construct surfaces with constant Gauss 
curvatures along the given TN, NB, and TB Smarandache curves. 


Author Contributions 


The first author provided the idea and wrote the first draft, and the second author made the calculations and 
wrote the first draft. They all read and approved the last version of the manuscript. 


Conflict of Interest 
All the authors declare no conflict of interest. 
Acknowledgement 


This study was supported by the Office of Scientific Research Projects Coordination at Firat University, Grant 
number: FF.21.15 which is related to the MSc thesis of the second author. 


Journal of New Theory 40 (2022) 82-89 / On Parametric Surfaces with Constant Mean Curvature Along Given ... 89 


References 


[1] A. T. Ali, Special Smarandache Curves in the Euclidean space, International Journal of Mathematical 
Combinatorics 2 (2010) 30—36. 


[2] M. Turgut, S. Yilmaz, Smarandache Curves in Minkowski Space-Time, International Journal of 
Mathematical Combinatorics 3 (2008) 51-55. 


[3] C. Degirmen, O. Z. Okuyucu, O. G. Yildiz, Smarandache Curves in Three-Dimensional Lie Groups, 
Communications Faculty of Sciences University of Ankara Series Al Mathematics and Statistics 68 (2019) 
1175-1185. 


[4] U. Ciftci, A Generalization of Lancret’s Theorem, Journal of Geometry and Physics 59 (2009) 1597-1603. 


[5] O. Z. Okuyucu, I. G6k, Y. Yayli, N. Ekmekci, Slant Helices in Three Dimensional Lie Groups, Applied 
Mathematics and Computation 221 (2013) 672-683. 


[6] D. W. Yoon, General Helices of AW(k)-Type in the Lie Group, Journal of Applied Mathematics 2012 
(2012) Article ID 535123 pp. 10. 


[7] D. W. Yoon, Z. K. Ytizbasi, M. Bektas, An Approach for Surfaces Using an Asymptotic Curve in Lie 
Group, Journal of Advanced Physics 6 (4) (2017) 586-590. 


[8] D. W. Yoon, Z. K. Ytizbasi1, On Constructions of Surfaces Using A Geodesic in Lie Group, Journal of 
Geometry 110 (2) (2019) 1-10. 


[9] G. J. Wang, K. Tang, C. L. Tai, Parametric Representation of a Surface Pencil with a Common Spatial 
Geodesic, Computer-Aided Design 36 (2004) 447-459. 


[10] C. Y. Li, R. H. Wang, C. G. Zhu, Parametric Representation of a Surface Pencil with a Common Line of 
Curvature, Computer-Aided Design 43 (2011) 1110-1117. 


[11] E. Kasap, F. T. Akyildiz, Surfaces with a Common Geodesic in Minkowski 3-space, Applied Mathematics 
and Computation 177 (2006) 260-270. 


[12] M. Altin, A. Kazan, H. B. Karadag, Hypersurface Families with Smarandache curves in Galilean 4-space, 
Communications Faculty of Sciences University of Ankara Series Al Mathematics and Statistics 70 (2021) 
744-761. 


[13] E. Bayram, Construction of Surfaces with Constant Mean Curvature Along a Timelike Curve, Journal of 
Polytechnic 1 (2022) pp. 7. 


[14] H. Cosano$lu, E. Bayram, Construction of Surfaces with Constant Mean Curvature along a Curve in E?, 
Journal of Natural and Applied Sciences 24 (3) (2020) 533-538. 


[15] E. Abbena, S. Salamon, A. Gray, Modern Differential Geometry of Curves and Surfaces with 
Mathematica, Third Edition, 1998. 


